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We theoretically study the self-propulsion of a thin (slender) colloid driven by asym-
metric chemical reactions on its surface at vanishing Reynolds number. Using the
method of matched asymptotic expansions, we obtain the colloid self-propulsion
velocity as a function of its shape and surface physico-chemical properties. The me-
chanics of self-phoresis for rod-like swimmers has a richer spectrum of behaviours
than spherical swimmers due to the presence of two small length scales, the slender-
ness of the rod and the width of the slip layer. This leads to subtleties in taking the
limit of vanishing slenderness. As a result, even for very thin rods, the distribution
of curvature along the surface of the swimmer, namely its shape, plays a surprising
role in determining the efficiency of propulsion. We find that thin cylindrical self-
phoretic swimmers with blunt ends move faster than thin prolate spheroid shaped
swimmers with the same aspect ratio.
PACS numbers: pacs
Keywords: keywords
I. INTRODUCTION
In recent years there has been an explosion of interest in the area of soft active ma-
terials1–3. Active materials are condensed matter systems driven out of equilibrium by
components that autonomously convert stored energy into motion. These materials are of
interest partly because of their potential as a basis for engineered smart materials. They
may in addition serve as model systems for understanding fundamental non-equilibrium
phenomena in cellular biology. While one the major foci of the field involves the emergence
of collective behaviour from active components1–3, it is of particular importance to first
understand and control the behaviour of the individual components that drive the system
out of equilibrium4–9. A commonly studied active component is a synthetic self-phoretic
swimmer4–9. These are colloidal particles with an asymmetric catalytic coating over their
surface suspended in a viscous fluid in which are dissolved chemically reactive species (fuel)
whose consumption (or production) is accelerated by the catalyst10. The asymmetric cat-
alytic coating leads to asymmetric adsorbtion and release of the reactants and products.
This asymmetry of the distribution of reactants and/or products coupled with a short-
range interaction of the chemical species with the colloid surface, leads to an interfacial
flow and hence to motion of the colloid11,12. Experimentally, the two most studied self-
phoretic swimmer shapes are asymmetrically coated spheres and rods. Among the earliest
studied synthetic self-phoretic swimmers were cylindrical bi-metallic nano-rods of micron
length and nm-scale diameter (with two-halves made of different metal catalysts)13,14 which
speed up the decomposition of hydrogen peroxide (H2O2), in a H2O2 solution. Other well
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2studied system are spherical colloids partially coated with catalysts15,16 also in hydrogen
peroxide solutions. Unravelling the collective behaviour of these systems17,18 in order to
design and control their macroscopic behaviour16,19 requires a detailed understanding of
the mechanisms of swimmer propulsion at the single particle level. Given this there have
been several theoretical studies aimed at isolating the physical mechanisms behind the ob-
served propulsion and linking them to properties of the swimmers such as their shape and
coating7,10,20–25. These are all based on generalising results for phoretic motion in external
gradients11 to the situation where the gradient is self-generated.
In this article we focus on calculating the propulsion speed of self-phoretic rods as a
function of their slenderness ratio (defined as the ratio of the cross-sectional diameter to
the rod length), . For thin rods with vanishing aspect ratio,  there is some debate about
the particular form of the dependence on the self-propulsion speed on the length and aspect
ratio10,23,25. Here we show this is because there are two small length scales in the problem,
(1) the diameter of the rod and (2) the thickness of the phoretic slip layer. By a careful
asymptotic analysis, we identify some subtleties in taking the limits of both these length
scales to zero which clarifies the debate. We point out that physically, there is a clear
hierarchy of length scales which implies that the thickness of the slip layer (a molecular
scale) is much smaller than rod diameter (a colloidal scale) which is much smaller than the
rod length. When we take this hierarchy into account, we find that details of the shape
of the rods becomes of paramount importance in determining the asymptotic propulsion
speed (in the limit →0). It has been widely assumed that thin cylindrical self-phoretic
rods studied experimentally can be approximated by an equivalent thin spheroid (ellipsoid
of revolution) of the same slenderness ratio5,23,25. Here we examine this assumption by
comparing slender active particles of fixed slenderness  whose shape are given by thin
spheroids with those whose shape is given by cylindrical rods and obtain asymptotic results
in the limit →0. One conclusion of our analysis is that in fact, for issues of self-propulsion,
this assumption is in general, not a justified one.
To be concrete, we do this by using the method of matched asymptotic expansions for
swimmers with a generic shape function that interpolates between needle-like spheroid and
cylindrical rod-like geometries. We find that rod-like shapes are faster than the needle-like
shapes with the same . Our results thus suggest a that a strategy for better performance
(faster speed) of self-phoretic swimmers would be to design blunt rod-like shapes rather
than tapered needle-like shapes.
II. THE THIN DIFFUSIOPHORETIC SWIMMER
We consider a thin (slender) colloid which has a heteregeneous catalytic surface that
produces (or consumes) molecules of a chemical species in a variable manner on its surface
generating a local concentration gradient of the species in its vicinity. We then use the
standard framework10,11 for studying phoretic propulsion to calculate the steady-state speed
of the colloid generated by this self-generated gradient. This is done by solving the coupled
equations of motion of the local concentration of reactants/products and local momentum
conservation taking account of the boundary conditions on the colloid surface.
A. Equations of motion
Concentration: The concentration field of the reactive species c˜(r) obeys in the steady
state,
∇˜ · J˜ = 0; J˜ = −D
(
∇˜c˜+ c˜
kBT
∇˜ψ˜
)
, (1)
in the zero Pe´clet number limit, where ψ˜(r˜− aS(z˜), z˜) is the short-range interaction energy
of the reactants (products) with the colloid surface. S(z˜) is the colloid shape function, the
3FIG. 1. Comparison of swimmer propulsion speeds. The propulsion speed, U of a half-coated rod
as a function of the slenderness ratio, . The speed, U , is expressed in units of |µ∗α∗/D|. The blue
solid line is the asymptotic result (→0) for the cylindrical rod (see eqn. (45)), while the black
diamonds indicate the asymptotic result for the spheroid (see eqn. (40) and ref.23). The dashed
red line is the plot of the exact propulsion speed obtained in ref.25 of a half-coated spheroid. (inset)
Plot of the ratio of the asymptotic speeds of the cylindrical rod to the spheroid asymptotic against
the slenderness ratio (see eqns. (40) and (45)).
surface of the colloid is given by the function r˜(z˜, θ) = (aS(z˜) cos θ, aS(z˜) sin θ, z˜). In the
experimental systems motivating this work, the typical length of the self-phoretic colloids
is 2l ∼ 2µm and they move with a speed U∗ ∼ 10µms−1 while the diffusion coefficient of
the reactants (products) D ∼ 103µm2s−1. Therefore, they are in the small Pe´clet number
limit (Pe = U∗l/D  1). kB is the Boltzmann constant and T is the temperature of the
solution. The heterogeneous surface leads to a variable production/consumption rate, α˜(z˜)
of molecules on the surface giving a flux boundary condition on the surface:
nˆ · J˜ = α˜(z), at r˜ = a S(z˜), (2)
and the concentration attenuation decays far from the swimmer, c˜→ c˜∞, as
√
r˜2 + z˜2 →∞.
We restrict our analysis to the fixed flux limit where the catalytic production/consumption
rate, α(z), does not depend on the local concentration of the reactant (product) particles.
In this regime, the particles flux is limited by the reaction rate rather than diffusion of the
particles to the swimmer surface.
Momentum conservation: The fluid velocity v˜(r), and hydrostatic pressure p˜(r), obey
the Stokes’ equations of vanishing Reynolds number incompressible flow
0 = ∇˜ · v˜ , (3)
0 = η∇˜2v˜ − ∇˜p˜− c˜ ∇˜ψ˜ , (4)
where η is the fluid viscosity. This is justified as typical experimental swimming speeds of
U∗ ∼ 10µms−1 and 2l ∼ 2µm colloid length, and for typical solution kinematic viscosity
ν ∼ 10−6m2s−1, mean these colloids generate flows with very low Reynolds number (Re =
U∗l/ν  1). The inhomogeneous term −c˜∇ψ˜ arises due to the interactions of the reactant
(product) particles with the colloid surface, ψ˜(r − aS(z), z). We have no-slip boundary
4(a)
(b)
FIG. 2. (a) Sketch of a slender catalytic microswimmer showing the variation of catalytic coverage
and shape along the long axis oriented in the z direction. The gray (shaded) half of the swimmer
surface is made of a different catalyst than the unshaded half. The catalysts produce (or consume)
molecules of the reactive species at different rates leading to an asymmetric distribution of molecules
near the swimmer. V slip is the phoretic slip velocity induced by the coupling of the asymmetric
distribution of the molecules and their short-range interaction with the swimmer surface. U eˆz is
the axial translational velocity of the swimmer in the lab frame. (b) The generic thin rod with
rounded ends which interpolates between a thin spheroid and a thin cylinder. The limit (χ = 0) is
the spheroid, while (χ = 1) is the cylindrical rod.
conditions on the colloid surface in otherwise uniform flow
v˜ = 0, at r˜ = a S(z˜), (5)
v˜ → −U˜ eˆz,
√
r˜2 + z˜2 →∞. (6)
Note that we are concerned only with the axial propulsion of the swimmer (restricting the
swimmer translation along z˜-axis). In addition, the colloid experiences no net body force
(which uniquely determines U˜)
{
r˜=aS(z˜)
Π˜ · nˆ dS˜ −
∞y
−∞
c˜ ∇˜ ψ˜ dV˜ = 0 (7)
where Π˜ = −p˜1 + η
(
∇˜ v˜ +
[
∇˜ v˜
]T)
is the fluid stress tensor and dS˜ = adφdz, dV˜ =
rdrdφdz are the surface and volume elements in cylindrical coordinates respectively.
5B. Non-dimensionalization
We express the displacements (r, z) in terms of half the length of the swimmer, l. We
consider swimmers with concentration gradients generated by the colloids on a scale c∗/a.
Hence we express the flux J˜ of reactant (product) particles in units of c∗D/a, the concen-
tration field c˜ in units of c∗, (where D is the diffusion coefficient of the reactant/product
particles), the interaction energy Ψ˜ in the units of thermal energy kBT , (kB the Boltzmann
constant and T is the temperature of the solution), the flow field v˜ with U∗ = µ∗c∗/a (where
µ∗ = kBTL∗2/η is the characteristic phoretic mobility coefficient, η is the viscosity of the
fluid and L∗ is the short-range interaction lengthscale of the reactant (product) molecules
with the swimmer surface). We scale the pressure field p˜ with ηU∗/l. We note that the
problem has three length-scales; the swimmer characteristic length 2l, its cross-sectional
radius a and the range L∗ of the interaction between the molecules and swimmer surface.
Consequently, we have three asymptotic near-field regions and in addition the scale on which
the ends of the rod are rounded.
We therefore define the dimensionless parameters,  = a/l, the slenderness ratio and
λ = L∗/l, the interaction layer thickness to the swimmer largest lengthscale, with 0 < λ
  1. In addition, we define dimensionless fields J = J˜a/c∗D, c = c˜/c∗, v = v˜/U∗, p =
p˜l/ηU∗, ψ = ψ˜/kBT, and the dimensionless catalytic flux α = α˜a/c∗D on the swimmer
surface.
Hence we obtain dimensionless equations of motion,
∇ · J = 0 ; J = − (∇c+ c∇ψ) , (8)
0 = ∇ · v , (9)
0 = ∇2v −∇p−  λ−2 c∇ψ , (10)
where λ = L∗/l is the ratio of the interaction length-scale to half the length of the swimmer,
 = a/l is the swimmer slenderness ratio and ψ(r − S(z), z) is the short-range interaction
potential between reactant (product) molecules and surface. The fixed flux boundary
condition of the chemical species at the colloid’s surface is now
nˆ · J = α(z), at r =  S(z), (11)
and the concentration decays to its value far from the swimmer, c→ c∞,
√
r2 + z2 →∞.
The flow field boundary conditions are now
v = 0, at r =  S(z), (12)
v → −U eˆz,
√
r2 + z2 →∞. (13)
The zero torque and force conditions are
{
r= S(z)
Π · nˆ dS −  λ−2
∞y
−∞
c ∇ψ dV = 0 (14)
where Π = −p1 +
(
∇v + [∇v]T
)
is the dimensionless stress tensor and dS, dV are the
surface and volume elements in cylindrical coordinates respectively.
6C. The slender shape function
For the analysis in this paper, we consider a generic shape function of a cylindrical rod
with hemispheroidal caps (see Figure 2(b))
S(z;χ) =

1, 0 ≤ |z| ≤ χ;
√
1−
( |z| − χ
1− χ
)2
, χ ≤ |z| ≤ 1,
(15)
where the parameter 0 ≤ |χ| < 1 is the additional lengthscale specifying the swimmer shape
curvature. The limit χ → 0 is the widely studied spheroid shape, while the limit χ → 1 is
the cylindrical rod shape. 1− χ =  is a cylindrical rod with hemispherical caps.
The vector function, x(z, θ) = S(z)eˆr(θ) + zeˆz, (−1 ≤ z ≤ 1), describes the local ax-
isymmetric swimmer surface (i.e straight backbone with circular cross-section). Therefore,
the unit tangent and normal vectors to the surface are
tˆ =
Sz(z)eˆr + eˆz√
1 + 2S2z (z)
, (16)
nˆ =
eˆr − Sz(z)eˆz√
1 + 2S2z (z)
, (17)
where Sz(z) = dS(z)/dz.
III. ANALYSIS
A. Overview
We use the method of matched asymptotics together with slender-body approximations
to solve for the swimmer propulsion speed U . We shall first identify the different regions
of the solution of the equations of motion, and define re-scaled coordinates for both the
interaction layer r ∼ O(λ) and the slender body inner region r ∼ O() (see Figure 3).
In the subsequent sections, we systematically find solutions to the diffusion and Stokes
equations in these regions. Then we match these asymptotic results to obtain a consistent
solution for the whole domain and hence find the propulsion speed U which is the goal of
the analysis.
We have three regions of solution for our matched asymptotics. In the outer layer, region
0, r  , λ; in the intermediate layer, region I, r ∼ ; and in the inner interaction layer,
region II, r ∼ λ. In regions 0 and I, the hierarchy of scales   λ mean that we can
approximate the interaction layer as being of vanishing width: we can set λ to zero, and
our analysis proceeds via an asymptotic expansion purely in . However in region II, we
must take account of both λ,  and need to perform a double expansion in both variables
which we use for our asymptotic analysis. The details of our calculation are outlined in the
appendix and we present only a summary of the main results here.
As one moves further away from the swimmer (i.e r  ), it tends to a line of vanishing
thickness of length 2, allowing us to use the slender body approximation in the outer
region26–29, to calculate the fluid velocity, v(r, z) in the direction parallel to the swimmer
7FIG. 3. Sketch of the slender swimmer showing the asymptotic regions. λ = L∗/l and  = a/l are
dimensionless small parameters; where 2l is the swimmer length, 2a its diameter and L∗ the range
of the interaction between reactant (product) molecules and the swimmer surface (typically of the
order of molecular size ∼ A˚).
axis (the axial component of the velocity), vz(0, z) = eˆz · v(0, z),
U+
(
eˆz · tˆ(z)
)
vz(0, z) = 4q(z; ) log
(
1

)
+4q(z; ) log
(
2
√
1− z2
S(z)
)
−2q(z; )+2
∫ 1
−1
q(ξ; )− q(z; )
|z − ξ| dξ ,
(18)
where the slip velocity, v(0, z) = V slip and force density along the swimmer centerline,
q(z, ) are obtained by matching with the inner and intermediate regions (see Appendix
A 1) .
The propulsion speed U is determined by requiring that the solution of the integral
equation above satisfies the constraint of zero total force on the swimmer, i.e requiring
∫ 1
−1
q(z)dz = 0 . (19)
From region I and II, we obtain the slip velocity11 as (see Appendices A 2 and A 3)
V slip(z; ) =  µ(z) tˆ · ∇c(z; ) tˆ , (20)
where we have define the diffusiophoretic mobility11 µ(z) =
∫∞
0
ρ
[
1− e−Ψ(0)(ρ,z)
]
dρ, and
the concentration gradient, ∇c is obtained from region 0 and I.
The concentration, c(z; ) in region 0 and I can be calculated as (see Appendices A 1 and
A 2)
c(z; ) = C
(−1)
I (z) log
(
1

)
+ C
(0)
I (z) (21)
8where
C
(−1)
I (z) = α(z)S(z) , (22)
C
(0)
I (z) = C∞ + α(z)S(z) log
(
2
S(z)
)
− 1
2
∫ 1
−1
d
dξ
[
α(ξ)S(ξ)
]
sgn (z − ξ) log |z − ξ| dξ .
(23)
So we can calculate the propulsion speed of the swimmer by solving the coupled inte-
gral equations (18,19) for the unknowns q(z), U . The solutions will depend on the shape
functions S(z) due to the explicit dependence on S(z) of equation (18) and the fact that
tˆ(z) = tˆ(S(z)) . In the next section, we will consider slender swimmers with both needle-
like (or spheroid) and rod-like shapes and highlight the different asymptotic limits of their
propulsion velocities.
B. The swimmer propulsion velocity
In this section, we obtain an approximate value for the propulsion speed U of the swimmer
and force density, q(z; ) by solving the coupled integral equations (18,19). There are various
methods for solving this type of problem. For example, an approximate solution by a
Legendre expansion of the force density30 q(z; ) in the interval −1 ≤ z ≤ 1 to obtain
an infinite linear system of equations from which one obtains U . Other alternatives are
perturbative methods28 for solving integral equations where the force densities (and hence
the propulsion speed U) are found iteratively. However, since we are interested here in the
slender limit, following Cox27 and Tillett31, the presence of log() in equation (18) suggests
an asymptotic series expansion of q(z) and U with terms of type m(log())n, with n,m
integers. Since the slip velocity vanishes as  → 0, in the limit   1, the asymptotically
leading terms in such a series will be of the form (log )n where n ≤ 1, which suggests an
expansion23,27,31 of the force density and speed in powers of (log ())
−1
.
From equations (20) and (21) , we can write
V slipz (z; ) = V
slip
−1 (z)  log
(
1

) (
eˆz · tˆ
)
+ V slip0 (z) 
(
eˆz · tˆ
)
, (24)
where
V slip−1 (z) = µ(z) tˆ · ∇ C(−1)I (z) , V slip0 (z) = µ(z) tˆ · ∇ C(0)I (z) .
with C
(−1)
I , C
(0)
I defined in equations (22,23). The propulsion speed U and the force density
q(z; ) are written as expansions in (log )−1
U

= −U−1 log () + U0 − U1 (log ())−1 + · · · , (25)
q(z; )

= q0(z)− q1(z) (log ())−1 − q2(z) (log ())−2 + · · · , (26)
where the force-free condition and the validity of the expansion for all values of , implies,∫ 1
−1 qn(z) dz = 0, for all n. Substituting equations (25,26) and equation (24) into equation
9(18) gives
U−1 + V
slip
−1 (z)
(
eˆz · tˆ
)
= 4q0(z) , (27)
U0 + V
slip
0 (z)
(
eˆz · tˆ
)
= 4q0(z; ) log
(
2
√
1− z2
S(z)
)
− 2q0(z; ) + 2
∫ 1
−1
q0(ξ; )− q0(z; )
|z − ξ| dξ ,
(28)
Un = 4qn(z; ) log
(
2
√
1− z2
S(z)
)
− 2qn(z; ) + 2
∫ 1
−1
qn(ξ; )− qn(z; )
|z − ξ| dξ .
(29)
So applying the force-free condition, we get a general asymptotic expression for the speed,
U = U−1 log(1/) + U0+O
(
 (log(1/))
−1
)
. (30)
where the leading contribution to the speed (from equation (27)) is
U−1 = −1
2
∫ 1
−1
(
eˆz · tˆ(z)
)
V slip−1 (z) dz , (31)
and the next term (from equation (28)) is
U0 = −1
2
∫ 1
−1
(
eˆz · tˆ(z)
)
V slip0 (z) dz − 2
∫ 1
−1
q0(z) log
(
2
√
1− z2
S(z)
)
dz , (32)
where
q0(z) =
1
4
(
eˆz · tˆ
)
V slip−1 (z)−
1
8
∫ 1
−1
(
eˆz · tˆ
)
V slip−1 (z) dz . (33)
Using equation (29) all the higher order contributions to U can in principle be evaluated.
However, if one intends to go beyond asymptotic results iterative methods might converge
faster than the expansion outlined above28. We note that for a spheroidal rod where S(z) =√
1− z2, we can explicitly evaluate the integral ∫ 1−1 qn(z) dz = 0 in equation (29) and one
finds that all Un = 0, n ≥ 1.
Now, we will use these results to calculate the propulsion speed of slender swimmers,
with a variety of shapes, S(z) and surface activities, α(z). We consider swimmers in which
the activity, α(z) = α+ on the right segment 0 < z ≤ 1 and α(z) = α− on the left segment
−1 ≤ z < 0 and with uniform mobility µ(z) = µ+ = µ− = 1 (see Figure 4(a), 4(b), 4(c)).
In most of our analysis we use a continuous function which has this behaviour in a limit
(∆→0),
α(z) =
1
2
(α+ + α−) +
1
2
(α+ − α−) tanh
( z
∆
)
, (∆→ 0) . (34)
Given the shape functions defined above (see equation (15)) and defining δ = 1− χ (see
Figure 4(a), 4(b), 4(c)), the tangent unit vector to the swimmer surface is
tˆ(z) =

eˆz , z ∈ (−χ, χ) ;
− sgn(z)
(
|z| − χ
)
eˆr +
√
δ4 − δ2
(
|z| − χ
)2
eˆz√
δ4 +
(
2 − δ2
)(
|z| − χ
)2 , z ∈ [−1,−χ) ∪ (χ, 1] ,
(35)
10
where sgn(x) is the sign function. By varying χ between 0 and 1 we can interpolate between
a tapered rod and a blunt rod.
(a) χ = 0 (b) 0 ≤ χ ≤ 1
(c) χ = 1
FIG. 4. Examples of slender self-phoretic swimmer shapes with different physico-chemical proper-
ties on their surfaces.
1. Needle-like shape (Tapered ends)
We first consider the spheroidal swimmer geometry, i.e χ = 0 (see Figure 4(a)), with
shape function
S(z) = S(z;χ = 0) =
√
1− z2 ; z ∈ [−1, 1] . (36)
for which an exact solution exists21,25. For this shape, the unit tangent vector in equation
(35) simplifies to
tˆ =
√
1− z2 eˆz −  z eˆr√
1− z2 + 2z2 ; z ∈ [−1, 1] . (37)
For a half-coated (α+ = −1, α− = 0) spheroid swimmer with uniform mobility (µ(z) =
µ+ = µ− = 1), we obtain
U−1 = −1
2
∫ 1
−1
(
eˆz · tˆ
)
V slip−1 (z) dz = −
1
2
∫ 1
−1
(
eˆz · tˆ
)
tˆ · ∇ C(−1)I (z) dz = o() , (38)
U0 = −1
2
∫ 1
−1
(
eˆz · tˆ
)
V slip0 (z) dz = −
1
2
∫ 1
−1
(
eˆz · tˆ
)
tˆ · ∇ C(0)I (z) dz =
1
2
+ o() ,
(39)
where C
(−1)
I and C
(0)
I are defined in equations (A52,A53). From eqn. (29) all higher order
terms vanish Un = 0 (n ≥ 1).
Therefore, the speed is asymptotically,
U =
1
2
 + o
(
2 log ()
)
, (40)
which agrees with the asymptotic limit of the exact solution25 and the asymptotic result23.
11
2. Rod-like shape (Blunt ends)
(a) high curvature end with 0 < δ = 1− χ <  1.
(b) asymptotic regions.
FIG. 5. Sketch of the swimmer blunt end - showing the matching regions. δ = 1− χ is the width
of the near end region where the shape function decays to zero. Note that the intermediate (region
I) vanishes near the ends.
We next consider a straight rod-like swimmer with blunt ends (see Figure 5). We define
body shapes with blunt ends as shapes having a small but finite end width δ = 1− χ, such
that 0 < δ <  1, where the body shape drops rapidly but continuously to zero (see Fig.
5). Thus, the projection of the tangent vector along the axis is
eˆz · tˆ =

1 , z ∈ (−χ, χ) ;
o() , z ∈ [−1,−χ) ∪ (χ, 1] ,
(41)
since maximum{δ/} = 1. Hence, to the leading order, integrals involving the projection
eˆz · tˆ are evaluated as∫ 1
−1
(eˆz · tˆ)
(
·
)
dz =
∫ χ
−χ
(
·
)
dz + o () , (0 < 1− χ <  1) . (42)
12
FIG. 6. Fore-aft asymmetric swimmer with uniform physico-chemical properties over its surface.
This is crucial in determining the propulsion speed since for these shapes S(z = ±χ) = 1
while S(z = ±1) = 0.
Considering as before a half-coated swimmer (α+ = −1, α− = 0) with uniform mobility
µ(z) = µ+ = µ− = 1, the first two terms in the asymptotic expansion are
U−1 = −1
2
∫ 1
−1
(
eˆz · tˆ
)
V slip−1 dz = −
1
2
∫ χ
−χ
dC
(−1)
I
dz
dz + o() =
1
2
+ o() , (43)
U0 = −1
2
∫ 1
−1
(
eˆz · tˆ
)
V slip0 (z; ) dz − 2
∫ 1
−1
q0(z) log
(
2
√
1− z2
S(z)
)
dz
= −1
2
∫ χ
−χ
dC
(0)
I
dz
dz − 2
∫ 1
−1
q0(z) log
(
2
√
1− z2
S(z)
)
dz + o() =
(
log 2− 1
2
)
+ o() .
(44)
Note that the integration limits are z = ±χ rather than z = ±1 since the high curvature
ends do not contribute to the propulsion velocity (see equation 42). Hence, we obtain a
speed
U =
1
2

[
log
(
4

)
− 1
]
+O
(

log( 1 )
)
. (45)
We note that with the same physico-chemical properties, this asymptotic speed is signifi-
cantly faster than that of the spheroid shape (equation (40)).
3. Asymmetric shape (mixed ends)
It has recently been pointed out that geometric asymmetry with uniform coating can
also lead to self-locomotion32. With that in mind, we consider a slender swimmer with an
asymmetric shape that lacks fore-aft symmetry (having one blunt end and one tapered end)
but with uniform chemical activity over its surface µ(z) = µ0 = 1, α(z) = α0 = −1 (see
Figure 6)
S(z) =
{
S(z; 0 < 1− χ < ), −1 ≤ z ≤ 0,
S(z;χ = 0), 0 ≤ z ≤ 1. (46)
Hence we obtain the propulsion velocity at leading order in ,
U = U−1  log
(
1

)
+ U0 + · · · = 1
2

[
log
(√
2

)
− 1
]
+O
(

log( 1 )
)
. (47)
IV. DISCUSSION
We have performed a detailed study of how the shape of slender diffusiophoretic self-
propelled colloid (a phoretic swimmer) affects the speed at which the colloid ’swims’. By
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slender here, we mean that the aspect ratio of average diameter to length is much less than
1,  = a/l  1. In our calculations, the thickness of the phoretic slip layer, L∗ is taken as
the smallest length in the problem since it is a molecular length-scale comparable to the
interaction range of the reactant (product) molecules, while the diameter a is a much larger
colloidal length-scale, so we have the hierarchy of length-scales l a L∗. Our approach
is based on using simple axisymmetric shape functions which are able to interpolate between
needle-like swimmers (spheroids) which have tapered ends and cylindrical rod-like swimmers
with blunt ends. We note that cylindrical rod-like swimmers with blunt ends are easier to
manufacture and hence have been the subject of many of the experimental studies to date.
To obtain results in the limit  → 0, we have used the method of matched asymptotic
expansions.
Our main result is the observation that the swimmer propulsion speed is strongly shape-
dependent and in particular depends on whether the swimmer has pointed or blunt ends,
i.e has a needle-like or rod-like shape respectively. We show that swimmers with blunt ends
(cylinders) have a higher propulsion speed than swimmers with tapered ends (needles) of
the same aspect ratio, .
A simple argument explaining the differences in swimming efficiency can be obtained by
considering the competition of effects that lead to self-propulsion. Self-propulsion arises
from the balance of the hydrodynamic stresses due to the slip velocity generated by the
concentration gradients of reactants (products) and the associated hydrodynamic drag due
to fluid velocity gradients near the surface of the swimmer. The constraint of force (torque)
balance on the swimmer then selects a unique propulsion velocity. For a given shape,
the higher the concentration gradient developed, the higher the propulsion velocity. The
concentration gradients from the reaction occur on a length-scale which is set by the length
of the swimmer and is mostly independent of the detailed shape of the swimmer, however
the slip and drag they generate depend on the local surface area of the swimmer and are
sensitive to the detailed shape of the swimmer. For a spheroid, the hydrodynamic stresses
leading to drag are comparable to the stresses due to slip along the whole surface of the
colloid, while for the blunt cylinder, the effects of phoretic slip dominate the drag at the
highly curved ends25. At a fixed aspect ratio, , the surface area of the spheroid, Asph is
larger than the surface area of the blunt cylinder, Acyl. Hence the balance of stresses is
skewed towards a higher propulsion velocity for blunt cylinders.
Our results clearly imply that care must be taken in designing theoretical models for
self-phoretic slender swimmers and that slender self-phoretic cylindrical rods cannot be
accurately modelled by slender self-phoretic spheroids. We note that there is a limit when
such details of the swimmer shape do not matter - when the slip layer is larger than the
diameter of the rods. However this limit, as discussed above, is unphysical.
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Appendix A: Asymptotic analysis
1. Region 0: Outer region
On length scales far from the swimmer (i.e r  ), the swimmer is a line of vanishing
thickness of length 2. Therefore, we use the standard slender body approximation26–29, for
the concentration and velocity fields using distributions of line singularities along the swim-
mer centreline. In this region, we only need the leading, i.e. O(1) ≡ O(0, λ0) concentration
14
and velocity fields for our analysis:
c(r, z) = C0(r, z) , (A1)
v(r, z) = V0(r, z) . (A2)
Since, r  , the short-range interaction potential of the reactive species with the swimmer
surface vanishes in this region
ψ(r − S(z), z) = Ψ0(r − S(z), z) = 0 . (A3)
We approximate the concentration by one generated by a line distribution of point
sources23, along the swimmer centerline (r, z) = (0, ξ), where −1 ≤ ξ ≤ 1.
C0(r, z) = C∞ +
∫ 1
−1
j(ξ)√
r2 + (z − ξ)2 dξ, (A4)
where j(z) is the source line density along the body centerline. It is to be determined by
matching C0(r, z) as r → 0 with the intermediate (region I) expansion of concentration
field (see Fig. 3). We note that since Ψ0(r− S(z), z) = 0 in this region, the concentration
C0(r, z), is a solution of the steady state diffusion equation (8).
While the integral in equation (A4) is singular as r → 0 and |z| ≤ 1, there are a number of
ways to isolate the singularity and approximate the integral analytically as the observation
point approaches the swimmer surface. A particularly simple method is subtracting the
singular part of the integral which gives the approximate expression28
C0(r, z) = C∞ + 2j(z) log
(
2
r
)
+
∫ 1
−1
j(ξ)− j(z)
|z − ξ| dξ + 2j(z) log
(√
1− z2
)
+O (r2) .
(A5)
For convenience, we integrate by parts the non-local term in equation (A5) to obtain an
equivalent expression30
C0(r, z) = C∞+2j(z) log
(
2
r
)
−
∫ 1
−1
d
dξ
j(ξ) sgn(z−ξ) log |z−ξ|dξ+O (r2 log(r)) . (A6)
Note that we assumed j(±1) = 0 in obtaining the above expression, which we confirm to
be the case a posteriori for our generic shape function defined in equation (15).
We approximate the fluid velocity field by one generated by a line distribution of point
force singularities along the swimmer centerline26
V0(r, z) = −U eˆz +
∫ 1
−1
dξ
(
eˆz
|x− x′| +
(z − ξ)(x− x′)
|x− x′|3
)
q(ξ; ) , (A7)
where x− x′ = r eˆr + (z − ξ) eˆz and q(z; ) is a generic force line density along the body’s
centerline. q(z; ) will be determined by matching V0(r, z) as r → 0 with the intermediate
(region I) velocity field (see Fig. 3). This velocity field is a solution of the Stokes equa-
tions (9,10) since the short-range interaction potential vanishes in this region. There is an
associated hydrostatic pressure,
p(r, z)− p∞ = P0(r, z) = 2
∫ 1
−1
dξ
(
z − ξ
|x− x′|3
)
q(ξ; )
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As for the concentration field discussed above (see equation (A4)), the flow field V0(r, z)
is also singular as r → 0 and |z| ≤ 1. Isolating the singular part in a similar way, the axial
component of the fluid velocity has the asymptotic form30
V0,z(r, z) = −U + 4q(z; ) log
(
2
√
1− z2
r
)
− 2q(z; )− 2
∫ 1
−1
q(ξ; )− q(z; )
|z − ξ| dξ +O
(
r2
)
.
(A8)
In the next section, we will solve for the concentration and velocity fields in the interme-
diate region I (see Fig. 3).
2. Region I: Intermediate region
At intermediate length-scales, for which the radial distance is larger than the range of
the short-ranged interaction but much less than the length of the swimmer, the swimmer
is locally approximated by an infinite cylinder of thickness 2. Here, we re-scale the radial
coordinate with the swimmer slenderness ratio ( = a/l);
R =
r

. (A9)
In this region, the leading O(1) ≡ O(0, λ0) fields are
c(r, z) = CI(R, z) , (A10)
v(r, z) = VI(R, z) . (A11)
and the short-range interaction between the molecules and the swimmer surface also van-
ishes in this region (we have set λ = 0)
ψ(r − S(z), z) = ΨI(R− S(z), z) = 0 . (A12)
This is of course because we have assumed λ  (i.e the swimmer cross-sectional radius is
much larger than the interaction range of the potential).
Using the definition of the unit vectors, tˆ, nˆ in equations (17) and (16), the local gradients
(away from the ends) in the re-scaled coordinates33 are
nˆ · ∇ = 1

∂
∂R
+O () , (A13)
tˆ · ∇ = ∂
∂z
+ Sz(z)
∂
∂R
+O () , (A14)
(Concentration): The current J = JI,zeˆz + JI,Reˆr where tˆ ' eˆz can be written in
components (see equation (8)),
JI,R(R, z) = −∂CI(R, z)
∂R
; JI,z(R, z) = −∂CI(R, z)
∂z
. (A15)
Since the interaction vanishes, the equation of motion for the reactant (product) concentra-
tion is the steady state diffusion equation (8), to leading order has only radial contributions
:
0 = −1
1
R
∂
∂R
(
R
∂CI
∂R
)
; with boundary condition − ∂CI
∂R
∣∣∣∣
R=S(z)
= JI,R(S(z), z) ,
(A16)
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where in the boundary condition, the (unknown) radial flux JI,R(S(z), z) is determined by
matching CI(R, z), JI,R(R, z) with the inner interaction layer (region II) on the swimmer
surface. The other boundary condition is obtained from matching with the outer region 0.
Therefore, solving equation (A16) and imposing the boundary condition,
CI(R, z; ) = A(z; ) + JI,R(S(z), z)S(z) log
(
1
R
)
, (A17)
where A(z; ) is an unknown function of z resulting from integrating over R, must be
determined by matching with the outer (region 0) concentration, C0(r, z) given in equation
(A6). Using this result, equation (22) and the second term in equation (23) are determined
by JI,R, while the first and third terms in equation (23) are determined by A(z; ). We
note that while A is determined by the properties of the concentration as r, z → ∞, JI,R
depends on the concentration near the reactive colloidal surface.
(Fluid velocity): The Stokes equations (9,10) with ΨI = 0, at leading order involve only
the axial component of the velocity field , V (R, z) = VI,z(R, z) eˆz + VI,R(R, z) eˆr where
tˆ ' eˆz, nˆ ' eˆr :
0 =
1
R
∂
∂R
(
R
∂VI,z
∂R
)
; with slip boundary condition VI,z|R=S(z) = eˆz · V slip(z; ) .
(A18)
The hydrostatic pressure difference, p(R, z) − p∞ = PI(R, z) vanishes at this order. The
slip velocity, V slip(z; ) is obtained by matching with the inner interaction layer (region II).
Solving equation (A18) gives,
VI,z(R, z; ) = eˆz · V slip(z; ) +W(z; ) log
(
R
S(z)
)
. (A19)
The unknown function,W(z; ) resulting from integrating over R will be found by matching
with the fluid velocity in region 0, far from the swimmer surface.
3. Region II: Inner interaction (boundary) layer
For a swimmer with cross-sectional radius much larger than the interaction range of the
potential, ψ between reactant (product) molecules and the swimmer surface (L∗  a), the
swimmer surface is locally flat, and the length scale of the variation of fields is set by the
small parameter λ = L∗/l with 2l being the length of the swimmer. Now, provided we are
away from the ends of the rod where the curvature is high, the normal unit vector to the
surface is nˆ ∼ eˆr. Hence, we re-scale the radial coordinate as
ρ =
r −  S(z)
λ
; where λ =
L∗
l
,  =
a
l
, λ  . (A20)
In this region, we must perform an expansion in both of the small parameters λ and 
(noting our assumption L∗  a or equivalently λ  ). We therefore express the fields
(concentration, fluid velocity and pressure) w.l.g. as
c(r, z) = C(ρ, z) = C(0,0)(ρ, z) +  C(0,1)(ρ, z) + λ C(1,0)(ρ, z) + λ C(1,1)(ρ, z) + · · · (A21)
v(r, z) = V(r, z) = V(0,0)(ρ, z) +  V(0,1)(ρ, z) + λ V(1,0)(ρ, z) + λ V(1,1)(ρ, z) + · · ·
(A22)
p(r, z) = P(r, z) = λ−2 P(−2,0)(ρ, z) + λ−1 P(−1,0)(ρ, z) + λ−2 P(−2,1)(ρ, z) + λ−1 P(−1,1)(ρ, z) + · · ·
(A23)
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The leading terms for the concentration are of order O(0), while the leading order terms
of velocity and pressure are of O(). Therefore for an asymptotic analysis, we can simplify
the expansions above. We can set C(0,1)(ρ, z) = C(1,1)(ρ, z) = 0 and rename C(0,0)(ρ, z) ≡
C(0)(ρ, z) and C(1,0)(ρ, z) ≡ C(1)(ρ, z). Similarly we can set V(0,0)(ρ, z) = V(1,0)(ρ, z) =
0, P(−2,0)(ρ, z) = P(−1,0)(ρ, z) = 0 and rename V(0,1)(ρ, z) ≡ V(0)(ρ, z), V(1,1)(ρ, z) ≡
V(1)(ρ, z), P(−2,1)(ρ, z) ≡ P(−2)(ρ, z) and P(−1,1)(ρ, z) ≡ P(−1)(ρ, z).
(Concentration): We can therefore write out the concentration and interaction potential
as expansions in in the small parameter λ :
c(r, z) = C(ρ, z) = C(0)(ρ, z) + λ C(1)(ρ, z) + · · · (A24)
ψ(r − S(z), z) = Ψ(ρ, z) = Ψ(0)(ρ, z) + λ Ψ(1)(ρ, z) + · · · (A25)
with associated flux written in components (see equation (8)), J(r, z) = J (ρ, z) = Jz eˆz +
Jρ eˆr. Away from the ends tˆ ' eˆz, nˆ ' eˆr and the leading contribution to the flux is radial,
Jρ(ρ, z) = λ−1 J (−1)ρ (ρ, z) + J (0)ρ (ρ, z) + O(λ) . (A26)
where
J (−1)ρ = − 
[
∂C(0)
∂ρ
+ C(0) ∂Ψ
(0)
∂ρ
]
; J (0)ρ = − 
[
∂C(1)
∂ρ
+ C(0) ∂Ψ
(1)
∂ρ
+ C(1) ∂Ψ
(0)
∂ρ
]
.
(A27)
Hence, equation (8) becomes
λ−2
∂J (−1)ρ
∂ρ
+ λ−1
[
J (−1)ρ
(λρ+ S(z))
+
∂J (0)ρ
∂ρ
]
+O (1) = 0 , (A28)
with the corresponding boundary condition[
λ−1 J (−1)ρ + J (0)ρ +O(λ)
]
ρ=0
= α(z) . (A29)
Therefore at leading order in the flux, equation (8) becomes
∂J (−1)ρ
∂ρ
= 0 ; with boundary condition J (−1)ρ
∣∣∣
ρ=0
= 0 . (A30)
Integrating equation (A30) once gives J (−1)ρ = 0. Integrating again, using the definition of
the flux, equation (A25) and equation (A27), we obtain an expression for the concentration
in the inner region12
C(0)(ρ, z; ) = Cs(z; ) exp
(
−Ψ(0)(ρ, z)
)
; Cs(z; ) = C(0)(ρ→∞, z) . (A31)
The as yet undetermined integrating constant, Cs(z; ) will be found by matching with the
concentration, CI(R, z) in the intermediate region.
To complete the matching with the intermediate region, we require the next to leading
order terms in the flux, i.e. O(λ0), which is obtained by solving equation (A28) at O(λ−1)
:
∂J (0)ρ
∂ρ
= 0 ; with boundary condition J (0)ρ
∣∣∣
ρ=0
= α(z) . (A32)
It follows then that
J (0)ρ (ρ = 0, z) = lim
λ→0, ρ→∞
J (0)ρ (ρ, z) = α(z) , (A33)
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which will provide the required boundary condition for matching with the flux in the inter-
mediate (region I).
(Fluid velocity): Returning to equations (9, 10), we use equations (A21,A22,A23), to
express the velocity and pressure as expansions in the small parameter λ (note that they
both vanish when  = 0),
v(r, z) = V(r, z) = V(0)(ρ, z) +  λ V(1)(ρ, z) + · · · (A34)
p(r, z) = P(r, z) =  λ−2 P(−2)(ρ, z) +  λ−1 P(−1)(ρ, z) + · · · . (A35)
It is convenient to express equations (10) in cylindrical coordinates for axisymmetric velocity
fields,
1
r
∂
∂r
(
r
∂
∂r
V
)
+
(
∂2
∂z2
V
)
− (∇P + λ−2C∇Ψ) = 0 (A36)
or alternatively
1
r
∂
∂r
(
r
∂
∂r
V
)
+
(
∂2
∂z2
V
)
− eˆz
(
∂P
∂z
+ λ−2C ∂Ψ
∂z
)
− eˆr
(
∂P
∂r
+ λ−2C ∂Ψ
∂r
)
= 0 (A37)
Using equations (A20,A21,A22,A23) and projecting the equations onto the local inner co-
ordinates (tˆ(z), nˆ(z)) which are functions of z only, V(0) = V(0)n nˆ + V(0)t tˆ (see Fig. 5)
:
nˆ : 0 = 
(
−λ−3 nˆ · eˆr
[
∂P(−2)
∂ρ
+ C(0) ∂Ψ
(0)
∂ρ
]
+ λ−2
∂2V(0)n
∂ρ2
− λ−2 nˆ · eˆz
[
∂P(−2)
∂z
+ C(0) ∂Ψ
(0)
∂z
]
(A38)
+
λ−1
(λρ+ S(z))
∂V(0)n
∂ρ
+O(λ0)
)
, (A39)
tˆ : 0 = 
(
λ−2
[
∂2
∂ρ2
tˆ · V(0) − tˆ · ∇P(−2) − C(0)tˆ · ∇Ψ(0)
]
+
λ−1
(λρ+ S(z))
∂
∂ρ
Vt +O(λ0)
)
,
(A40)
while equation (9) becomes at leading order in λ

(
λ−1
∂V(0)n
∂ρ
+O(λ0)
)
= 0 . (A41)
The leading order, O(λ−3) terms in equation (A39) imply that the stresses induced by the
interaction of the reactant (product) molecules with the swimmer surface are balanced by
a local radial pressure gradient,
∂P(−2)
∂ρ
+ C(0) ∂Ψ
(0)
∂ρ
= 0 . (A42)
Solving equation (A42), and using the already calculated C(0) given in equation (A31), we
obtain the hydrostatic pressure profile11,34
P(−2)(ρ, z; ) = CI(S(z), z; )
[
e−Ψ
(0)(ρ,z) − 1
]
. (A43)
To obtain it we have matched with the pressure in the intermediate (region I) which requires
that lim
ρ→∞P
(−2)(ρ, z) = 0 and lim
ρ→∞Ψ
(0)(ρ, z) = 0. In the tangential direction, at leading
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order, i.e. O(λ−2), in equation (A40), the viscous stresses balance the pressure gradient
(due to the concentration gradient) and the tangential stresses induced by the interaction
of the molecules of reactant (product) with the swimmer surface
∂2
∂ρ2
Vt − tˆ · ∇P(−2) − C(0)tˆ · ∇Ψ(0) = 0 . (A44)
In addition, at the next to leading order, O(λ−2) in equation (A39)
∂2V(0)n
∂ρ2
= 0 , (A45)
since from equation (17) , nˆ · eˆz = O(). Note that tˆ ∼ eˆz away from the ends and tˆ ∼ eˆρ
at the ends (see Fig. 5). Now, using equation (A43) and equation (A31), we can integrate
equation (A44) twice to obtain the tangential velocity and hence the limiting value
lim
λ→0; ρ→∞
Vt =  µ(z) tˆ · ∇CI(z; ) . (A46)
In addition, from equations (A45,A41), the normal component of the velocity vanishes,
V(0)n = 0. Thus, we obtain the slip velocity11
V slip(z; ) =  µ(z) tˆ · ∇CI(z; ) tˆ , (A47)
where we define the diffusiophoretic mobility11 µ(z) =
∫∞
0
ρ
[
1− e−Ψ(0)(ρ,z)
]
dρ.
In the next section, we match the solutions from the three regions to find the unknown
functions JI,R(R, z), A(z; ), j(z), W(z; ) and q(z) arising from our integrations.
4. Asymptotic matching
(Concentration): First, we match the O(0, λ0) fluxes between regions I and II;
(II) lim
λ→0, ρ→∞
J (0)ρ (ρ, z) = α(z) = lim
R→S(z)
JI,R(R, z) (I) , (A48)
using equation (A33). Next, we match the O(0, λ0) concentrations between intermediate
(region I) with the outer (region 0). Using equations (A6 and A17)
(I) CI(R, z; ) = A(z; ) +α(z)S(z) log
(
1
R
)
= lim
r→R1
C0(r, z) (0) . (A49)
we obtain the source line density j(z), introduced in equation (A4) and the unknown func-
tion A(z; ) introduced in equation (A17) :
j(z) =
1
2
α(z)S(z) ; A(z; ) = C∞+α(z)S(z) log
(
2

)
−1
2
∫ 1
−1
d
dξ
[
α(ξ)S(ξ)
]
sgn (z − ξ) log |z−ξ| dξ .
(A50)
Hence we obtain the leading order concentration in region I
CI(R, z; ) = C
(−1)
I (z) log
(
1

)
+ C
(0)
I (z) + α(z)S(z) log
(
S(z)
R
)
, (A51)
where we have defined
C
(−1)
I (z) = α(z)S(z) , (A52)
C
(0)
I (z) = C∞ + α(z)S(z) log
(
2
S(z)
)
− 1
2
∫ 1
−1
d
dξ
[
α(ξ)S(ξ)
]
sgn (z − ξ) log |z − ξ| dξ .
(A53)
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(Velocity): We first match the O(, λ0) velocities between the inner (region II) with the
intermediate (region I)
(II) lim
λ→0; ρ→∞
V(0) = V slip(z; ) (I) . (A54)
Next we match the O(, λ0) velocities between the outer (region 0) with the intermediate
(region I)
(I) VI,z(R, z; ) = V
slip
z +W(z; ) log
(
R
S(z)
)
= lim
r→R1
V0,z(r, z) (0) , (A55)
where V slipz = V
slip · eˆz. From equations (A8) and (A19) we find the unknown W(z; ) and
q(z), independent of the choice of R, as long as R  126–28. Thus, W(z; ) = −4q(z; )
and
U+
(
eˆz · tˆ(z)
)
V slip = 4q(z; ) log
(
1

)
+4q(z; ) log
(
2
√
1− z2
S(z)
)
−2q(z; )+2
∫ 1
−1
q(ξ; )− q(z; )
|z − ξ| dξ ,
(A56)
where , V slip =
∣∣V slip∣∣ and tˆ(z) = tˆ(S(z)). The propulsion speed U is determined by
requiring (see Section III B) that the solution of the integral equation above satisfies the
constraint of zero total force on the swimmer, i.e requiring∫ 1
−1
q(z)dz = 0 .
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